ISRAEL JOURNAL OF MATHEMATICS, Vol. 45, Nos. 2-3, 1983

A GENERALIZED 0-2 LAW

BY
S.R.FOGUEL

ABSTRACT
A common generalization to 0-2 laws proved by M. Lin and myself is
established. The proof here is a combination of the two proofs.

We shall use the Notation and Definitions of [1]. In particular Markov
operators, Conservative Markov operators, P, A P, are all defined there. Put
2.(P)={A:Pl, =1,}.

Throughout this paper we assume:

P, Q. and Q, are commuting Markov operators with P1 = Q1= Q,1 =1.
DEeFINITION 1.

h, =sup{P"(Q: - Q)f :—1=f =1},

h.=lim h,.

n-—»m

Note. The sup is in L.. sense. The convergence of the functions h, follows
from (b).

(a) 0= h, =2: obvious.

(b) i = ha:

P (Q:— Q)f = P"(Q:— Q)Pf = h,

whenever —1=f=1.
(¢) A1 = Ph,:

P""'(Q.— Qu)f = P[P"(Q:— Q.)f] = Ph..
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(d) h.= Ph.: Use (c).
(e) (P"Q:AP"Q))1=1—3h,:
(P"Q: A P"Q)1 =inf{P"Q.,g + P"Qi(1 - g):0=g =1}
=1-sup{P"(Q:—Q;)g:0=g=1}=1-3sup{P"(Q: - Q)f:—1=f=1}
by f=2g—1.
Let Pl =1 and 0= g =1, then

0=1P(leg)=1ePls =0,
0= 15P(158)§ 1ePle =0.
Thus
P(leg)=(1e +1e)P(1eg) = 1cP(1eg) = 1eP(1£g) + 1eP(1e:g) = 1Pg.

It is interesting to note that if 0=e =1 and Pe = e then it does not follow
necessarily that P(eg) = ePg.
(f) If Ple = Qileg = Q:lg =15 then

(PQ; A PQy)(1:8) = 1:(PQ; A PQy)g  whenever 0=g =1:
(PQs A PQ)(1£g) = inf {PQ,(1sgk) + PQ:(1:g(1 - k)):0= k =1}
= 1¢ inf {PQ:(gk) + POAg(1 - k)): 0=k =1}
= 1£(PQ: A PQ,)g.

THE 0-2 LAW. Assume

(1) P" = Q:Q; for some r.

(2) P is conservative.

(3) 2:(P) is invariant under Q, and Q..
(4) Z:(P*)=3.(P) for every integer d.
Then h.. assumes the values 0 or 2 only.

ReMARK. In[2, theorem 2.2.5] (3) and (4) are replaced by the assumption that
P? is ergodic for every integer d.

In [3] Lin proved the 0-2 law for Q, = I and Q, = P. We shall see later that in
Lin’s case we may assume (4).

PrROOF. By (d) h.. is invariant under P. Thus {x : h(x)=2(1 — ¢ )} € X;(P) for
a fixed ¢ > 0. By (3) we may replace X with this set:

(*) With no loss of generality we assume

h.=2(1—-¢)  forsomee >0.
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Thus (1)~(4) plus (*) should imply k.. =0.
Put
R, =P Q. P"Q..

Let ¢, to be chosen later, satisfy 0=e =1, Pe = e. Since P is conservative we
may approximate e uniformly by step functions that are 3, (P) measurable: We
may use (f) for e:

R.(eg)=eR.g, O=g=1
Now, by (), and (e)

R.e=eR,11e(1-1h.)=ce
Choose k; with R,,e#0. If ki, -, k; are chosen then

Rk, e RkiR,.e T Rkl e Rkie(l _%hm)g SRkl o Rkie.

n-—o

Thus

(**) Given e satisfying 0=e =1, Pe = e there exists a subsequence k;, that
depends on e, such that R, - - R e #0, for every n.

Denote: R; = Ry, r. = ki + r.Now R, = P“Q, = RQ, = P" by (1). Similarly
R =P“Q,> RQ, =P~
Thus we may use the calculations [1, p. 289]:
(@) P =Ry Ra(1/2°Y Q1+ Q)" + 5,5 S, Z0.
(ll) P('”“‘*"‘)jz Tj,n(1/2")(01 + Oz)n + (S,.)i; T},,. =0
(i) P (Q — Qu)f = V(6/N)+2(SvY 1 whenever —1=f=1.
Equations (i) and (ii) are proved by induction. To obtain Equation (iii) use

(IIZJ)_(k]L)’

S (Qi+ 0)¥(01- Q)

2 1 &
< L4
Ssntaw 2

(i)

fIA

(Assume N is even.) Now

<. |2

L(M)s—1 s 2
Nl1 = [ ar - .
2¥ \UN \/3-12\-'+1 3N
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Fix N, to be chosen later, then (Sx) 1| @~ as j — %. Thus Sxen = @n, 0= oy = 1.
By (i)
Pr1+»--+yN(PN g @n.
By conservativeness we have equality. Use Assumption (4) to conclude Pon =

o~ Use Assumption (3) to conclude Qyon = Q208 = on. Now Equation (i)
implies

(***) Ri--- R.on =0 for all n.

Let us use Equation (iii) when N is fixed and j — c°:

Thus 2¢n = (h.— V(6/N))" and by (**x)
(#**%) Ri* -+ R.((ha—"V(6/N))")=0 for all n.

Assume, to the contrary, that h..7# 0. Choose N so that (h.—V/(6/N))" #0.
Then (**#*x) contradicts (**) when

(p_[E)
e= (hw \/ N) .

In the rest of this paper we study: when is 2, (P*) = X, (P) for every d. We shall
assume that P is conservative.

Let ¢ # A €3,(P?). Find the largest subset of A in 3;(P) and take its
complement in A:

With no loss of generality we shall assume that A contains no non-zero subsets in
2.(P).

Fix 0<j<d and put f=P'1,. Then 0=f=1 and P*’f =14 Let B, =
{x:f(x)=1/n}, 15, = nf.

If x€A' then P15 (x)=nP*7f(x)=0. Therefore P*71, =14 Let
n — =, then

B.1B={x:f(x)>0}
Note P*715 =1, =P*'f.

But f =15 hence we have equality:

P =) =0 3 P"(ls—f)<= > 1n =7
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Let us denote
Plla=1s, Ac=As=A.

Let k be the first integer with A;N A # .

PutB=A-ANA, ThenBE3 (P)and BCA. Thus BNBCA NA =
@if j<k but BNBCA.NB=y.

Now we may have B = in which case A,C Ay, or, by conservativeness,
A=A but AANA=0, 0<i<k. If B# we may continue this procedure
and in at most d steps we find

LEMMA A. Let ¢p# A €3.(P?) contain no non-zero subsets in 3;(P). There
exists a set ¢ # E €E3,(P?) with E CA, P'1¢ = 1g, where E,= E, = E for some
k=d,and ENE =0 if 0si<j<k

Proor. EcNE; = for0<j <k Nowif E,NE;#Jfor0=i<j<k then

O )_'é Pkii 15‘.05}, = min (15‘0, 15,(7}“.),
a contradiction.

DEerINITION 2. A set E satisfying the Conditions of Lemma A is called a
cyclic set of order k.

COROLLARY. 3,(P*)=Z3,(P) if there are no non-zero cyclic sets of order k,
1<k=d

Note. Let E be a cyclic set of order k.
(I-P)P*(1g —1s)=(I—-P)P*(Q21:-1)
=2(I - P)1s.
Hence, in Lin’s case, h, (x) =2 on E and so does h..:
h.=2(1—¢) > 2 (PY)=3:(P)  forevery d.

Let us conclude with an observation on conservative and ergodic Markov
operators: Let ¢ # A €3,;(P*) contain no non-zero subsets in 3;(P).

Choose E # J a cyclic subset of A of order k where k is maximal. Note k = d,
E€3,(P*) and E€3,(P?). Now (I-P)2Z/55P'1 =0 and by ergodicity
ULE =X

If B €X,(P*)and B N E; # & then a cyclic subset F, of B N E;, of order m will
satisfy

3
[

1=Y P'lrsY P'lg =1
i=0 0

i
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since, by maximality, m = k. Therefore m = k and F = E;: either BN E; = or
B N E; = E,. In other words

Ei(Pd) = {EO, El’ o ',Ek—1}~
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